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Abstract. In this paper, we show that Riemann hypothesis (concerning zeros of 
the zeta function in the critical strip) is equivalent to the analytic continuation of 
Euler products obtained by restricting the Euler zeta product to suitable subsets 
Mk, k > 1 of the set of prime numbers. Each of these Euler product defines so a 
partial zeta function (k(s) equal to a Dirichlet series of the form ^ e(n)/n a , with 
coefficients e(n) equal to or 1 as n belongs or not to the population of integers 
generated by Mk- We show that usual formulas of the arithmetic adapt themselves 
to such populations (Moebius, Mertens, Lambert series,...). We envisage also the 
study of summations inside these populations and new functions (generalizations of 
the integer part function, of the harmonic series) directly connected to the existence 
of analytical continuations. 



1. Introduction 

The number n{x) of prime numbers less or equal to x is known to be equivalent to 
jj^y and prime number theorem has been proved with the estimation: 

tt(x) = Li(x) + 0(x e- c V^W) 

for some suitable positive constant c: an improvement (Vinogradov and Korobov) of 
the error term and associated comments can be found in [iVar] p. 236. One importance 
of Riemann hypothesis (which states that the non-real zeros of £(s) have real part equal 
to |) lies in the fact that the estimation 

7r(x) = Li(x) + 0(-\/x ln(x)) 

is probably true. Many arithmetical conjectures and various problems are directly 
connected to Riemann hypothesis. The zeta function has been studied intensively with 
developments in various directions. Literature on Riemann zeta function is known to 
be huge and very diversified and this work hopes not to find results already published. 

One purpose of this work is to show that analytic continuation of partial zeta func- 
tions 

Cfc(s) = Y\. n _ ±\ With M k = {Pl,Pk+l,P2k+l,P3k+l,--} 

peAf fe I 1 p»J 

is equivalent to Riemann hypothesis: here, k is an integer and P = (pn)neN* is the set 
of all primes. The obtaining of the analytical continuation of functions Cfe( s ) is in direct 
relation with the study of subsets of N* generated by an arbitrary subset of P: this 
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approach is a new facet of arithmetic. So, another purpose of this work is to adapt 
classic formulas of arithmetic to such subsets. 

Every subset M, included in P (the set of prime numbers) generates, by successive 
products of the different elements of M, a subset of N*, that is a sub-population of N*. 
As a consequence, we use notation pop(M) to indicate such a set, pop term being the 
abbreviation of population. When there is no ambiguity on the choice of M , one writes 
simply pop in the place of pop(M). By definition, pop(¥) = N* and each function Cfc( s ) 
is constructed by choosing for M the prime numbers taken by jumps of k inside the set 
of index of the descriptive formula P = (p n )neN*- Such an M is called an arithmetical 
list of reason k (see Conventions of section |2|) : naturally, this does not mean that the 
Pi's chosen constitute an arithmetical sub-sequence of N*. 

The integer part function [x] of x, appropriate for the analysis in N*, is then replaced 
by the function 

Np p(x) = card([l; x] n pop) 
and another useful function is 



i — t n 

ngpop , n<x 



(generalization of the harmonic series) 

The rigorous evaluation of N pop (x) (or of S pop (x)) insures the existence of the ana- 
lytical continuation of partial zeta functions Cfe( s ) to the open set {9ie(s) > \} - [\; I). 
More precisely, for M an arithmetical list of reason k, these unproved evaluations are 

^ x ln(x) , . . 
N pop(x) = Cte — =^ + jf>(x) 
V m(x) 

with ip(x) = 0(xz +t ) or 

S P o P (x) = Cte \/ln(x) + 4>{x) 
with 4>{x) = 0( Formula 6.29| is the natural equivalent of N pop {x) and we indicate 



c2" 



in last section some consequences connected to this equivalence. In summary, when one 
passes through evaluation of N pop (x) (to obtain the analytical continuation of Cfc( s ))j 
Riemann's problem is returned to an arithmetical problem. One can also tempt others 
techniques to obtain the existence of the analytical continuation of Cfc(s)- 



2. Preliminaries 

In the following, n stands for an integer, p stands for a prime number. We denote by 
P = (p n )neN* the set of all primes p (with p\ = 2,p2 = 3,ps = 5,p^ = 7 ■ ■ ■ ), by tt (x) 
the number of p G P satisfying 2 < p < x. As usual, C(s) = SneN* ^ is the Riemann 
zeta function, and Zq the set of zeros of Q{s) in the half space SHc(s) > \. It is a known 
fact that zeros of £(s) in the critical strip are displayed symetrically relatively to the 
line a = i: thus, we may restrict some considerations to 9ie(s) > \. 

We shall need in this paper, partial zeta functions Zm defined by an Euler product: 

Z m(s) = [J 

peM v p s > 

where M is a subset of P. Expanding each function: 

1 1 1 
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in power series, with p G M, and multiplying all expansions, we develop the Euler 
product as a Dirichlet series J2nepop M W > dearly analytic for 9te(s) > 1: here, n moves 
in the set popM of all integers of the form n = q^q^ 2 ■ ■ ■ , with all a\ > , on G N* and 
all qi G M. The characteristic function of popu will be denoted l popM (n), and equals 1 
when n 6 popM and elsewhere. Thus, an equality of the form 

V — - V 1 (n) — 

ne-popM n€N* 

means that the Dirichlet series considered on left side satisfies a n = whenever n ^ 
popu- We also need: 

= E ^ 

clearly analytic for 9te(s) > 1. 
Lemma 2.1. Let M CF and 

m = E ^ *w = E § 

nepopM nepopM 

be two absolutely convergent Dirichlet series. Then, the Dirichlet product 

(/*)(*) = E J 

neN* 

°/ f( s ) an d 9( s ) satisfies 7„ = whenever n ^ popM- 
The lemma follows from equality 

7n = E " fc/3/ 

W=n, k>l ,1>1 

and the fact that k\n with n G popu implies k £ popu and I £ popM- 

Let Zm(s) = YlnepopM n° ^ e ^ ne associated partial zeta function (defined and 
analytic for 9te(s) > 1). One verifies that some of known formulas concerning £(s) 
become now: 

= £ for **)> 2 

v ' n&pop M 

z M {s) z M {s - 1) = E for ^ c ( fi ) > 2 

nepopM 

z2 m(s) = E ^ for ^( s ) > 1 

nepopM 

Zm{s) n s v 7 

v ' n&popM 

(1 + Vm(s)) Z m (s) = E for^e(s)>l 

nepopM 

Eln (n) „ , , v-v In (p) „ ^ . . 
= ^(.) E *«w > 1 

nepopM peM 
where, as usual: 
<&(n) = the Euler Phi- function; 
a(n) = Sj|„ i, the sum of the divisors of n; 
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r(n) = Sj| n 1 , the number of divisors of n; 

z/(n) = S p | n 1, the number of distinct prime factors of n; 

fx(n) the Moebius function, = 1 , /u(n) = if n is divisible by a square > 1, 

= (— l) u ( n } in others cases. 

Subsets M of main interest will be arithmetical lists obtained from the list of all 
primes: 

P = {2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, • • • } 
Conventions: 

An arithmetical list of P having a reason r > is a subset McPof the form 

M = {Pr ,Pro+r,Pr +2r, ■■■} 

for some ro > with ro < r. 

Whenever a function /m(- ■■) is defined or depends on an arithmetical list determined 
by its two first elements a 6 M and b £ M with a = p ro and b = p ro + r , we shall write 

M = M af) 
/m(" • • ) = fa,b(- • • ) 

Moreover, when the arithmetical list M a ^ starts with the hrst prime (ie one has a = 
pi = 2), we write simply 

M af) = M r 

fa,b(' " ) = fr(- ■ ■ ) 

where r is the reason of the list. 

For example, M = {5, 13, 23, 37, 47, 61, 73, • • • } is an arithmetical list with first ele- 
ment j>3 = 5 and reason r = 3. 

We observe that many results concerning functions built with an arithmetical list 
are easily adapted to functions built with subsets M C P which are finite union of 
arithmetical lists having all the same reason r > (such an M has the following 
property: pj, £ M implies Pk+ r £ M and Pk- r £ M whenever k — r > 1). 
With our conventions, choosing an M of the form M a ^, one may write Zm(s) = Z at b(s) 
and l popM (n) = l poPa b (n). In fact, 

Cfc(s) = ]J (i- ±) With M k = {pi^Pk+i,P2k+i,P3k+i,---} 



peM k 



TT 1 1 1 1 1 

C2(s) " 11 (i-^M " 7TTX) m-^L) ■■■(i-^M"" " Z2 ' 5(s) 

«€Nn>0 ^ Pl n+1 ' ) ^ 2»J I 1 5«J ^ 11« J ^ V s 2n+1 > 



111 1 



Z; '-'' : - si = II [[13: v ~ TT - tt , , 1 . — " ' r 



n6Nn>0^ v 3 s ' y 7 s ' v 13 s ' v Pln+2 ' 

1111 11 1 11111 1 1 

2,5(s) - +^ + ^+7^+^+Y7j7 + 7J7 + 77^ + 7^ + ^ + ^I + ^7 + ^7 + ^7 + ^I + ' 
1 1 1 111 1 111 11 

3,7(s) - + y + ^ + ^ + i^ + i^ + ^ + 2^ + 29^ + s^ + ^ + 4^ + ^ + ''' 

1 11 111 1 
V3,7{s) - ^7+77 + 7J7 + Y9l + ^I + ^7J + 4^ + '" 
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A central result, proved in section 5, is: 

Theorem 2.2. Let fh be the open set Oi = {9te(s) > ^ ; s £ [|; 1] }. T/ie following 
properties are equivalent: 

1. XTie Riemann hypothesis holds. 

2. For ewery z > 2 , i/ie function Q( s ) extends as an analytic (resp. meromorphic) 
function in Qi . 

3. Basic Properties 

Lemma 3.1. Let (a n ) and (J3 n ) be two increasing sequences of reals such that a n < 
Pn < «n+i for all n, a.\ > 1 and S n < +oo /or ewery A > 1. 
T/ien, i/ie following properties holds: 
1. Euler products 



are we// defined and analytic for 9te(s) > 1. 
2. There exists a function f(s), defined and analytic for £He(s) > 0, which never 
vanishes on this set, such that Ei(s) = £ , 2(s)/(s) u>/ien !EHe(s) > 1. 

If one knows besides that -Ei(s) has a meromorphic (resp. analytic) continuation for 
yit(s) > a for some < a < 1 (for example, E\ may be the Riemann zeta function 
as in [Gr-Sc]), our lemma implies that E2 has also a meromorphic (resp. analytic) 
continuation for !SHe(s) > a. Therefore, functions E\ and F2 have the same zeros and 
same poles for !EHc(s) > a. 

1 1 1 1 2 1 1 

Proof: It is known that (1 — (1 — ^)e 2 ) < \z\ for \z\ < 1, hence the infinite 

product Y[ n (1 ~~ ^r) defines of an analytic function for 9te(s) > ^. The equation 
(1 — -4-) = has no zeros in variable s, hence the infinite product never vanishes. 
Clearly, 

El (s)= e S "^ TT - 

for 9te(s) > 1 and this formula clearly defines an analytic function on that set. Since 
S n 4x < +00 for every A > 1, we get same conclusions for Y[ n (1 — ^) e^": this proves 
1)- 

We now show that there exists a function f(s), defined and analytic for 9te(s) > 5, 
which satisfy formula of 2). Assuming n > 1, one has, for SKe(s) > 1: 
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We put: 



From Dirichlet series, we see that the series \ — + • • • + — i + • • • is analytic in 

a l Pi "n Pn 

the half-plane 9te(s) > 0. Thus, f(s) has the required properties for 9\e(s) > ^. 
In the general case, taking k 6 N*, we use the Weierstrass factor 

W fc (z) = (1 - z ) e z+ ^ + - + ^ 
having the property 1 — < U for \z\ < 1. Writting: 



EAS) = E2\S) y-e 1 P l a n t>n ... g «i Pi «n 

rin^(i) 

our conclusion follows for SHe(s) > Now, f(s) is the analytic continuation of g4g 
for !SRe(s) > and all fc 6 N*: this proves the lemma. 

Proposition 3.2. Zei k >2, k £ N* and n be a simply connected open set contained in 
SHc(s) > m which the Riemann function £(s) never vanishes. The following properties 
holds: 

1- Cfc( s ) extends analytically for s£!l. 

2. There exists a function gk(s) defined and analytic for SHe(s) > 0, having no zeros 
on this half-plane, such that 

(3.1) C(s) = 9k{s) Ck(s) k for sefl 
It follows that 

(3.2) ( k (s) ~ -^=L= as s -» 1 
for some constant A^. 

Proof: One has Cfc( s ) = ELpm n 1 m • For a > l,i < A;, we define 

4* = fe,Pfe+i,P2fc+i,P3fc+i>---} and Z p ^ Pk+i (s) = f| — j_ 

Each A,- is an arithmetical list of P with A 1 = M k and P = (jfc? A*. One has ((s) = 
Ili=i Zpi,p k +i( s ) and (k{s) = Z pijPk+1 (s). Using lemma |3~T|, we get for every i > 1 an 
analytic function /i(s) having no zeros for JHe(s) > such that Z puPk+ .(s) = fi(s)(k(s) 
for SHe(s) > 1. Putting g k (s) = fi(s)f 2 (s) ■ ■ ■ /fc-i(s), we get C(s) = ^(s) Cfc(«) fc for 
SHe(s) > 1. 

Let us now assume s 6 H. There exists an analytic function h(s) analytic in £1 such 
that = e h ^ for sen. Thus 

Ck( - S ^ k = 1 for Xt(s) > 1 



e * 



therefore, for some fixed a £ Z, Cfc( s ) = e 2 *"^ e - ^ for 9te(s) > 1. This formula 
defines now the analytic continuation of Cfc( s ) for and formula |3.l| holds for s € f2 

by uniqueness of analytic continuations. 
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The following lemma is contained in the proof of lemma |3.1| . 

Lemma 3.3. Let M C P. The function Wm(s) = Y\ v eM " — ~ ^ s analytic for 

9te(s) > 5 and has no zeros on this open set. It satisfies: 
(3.3) Z M {s) = W M {s) e VM{s) for 9te(s) > 1 



4. Functions t]m(s) 

As defined previously, n M (s) = ^ — and rji(s) = Y.pev ^ = ^2,3 («)■ 

pGM p 

Proposition 4.1. Zei M = {i?r Q >Pro+r>?Vo+2r> • • • } be an arithmetical list o/P wrai/i o 
reason r > 1 and 6e an open connected set contained in fHe(s) > 0. Then, one aas: 

(4.1) Vii s ) = r "Af(s) + w(s) for £Ke(s) > 1 

where w(s) is analytic for 9\e(s) > 0. 

Therefore, rjM(s) has an analytic (resp. meromorphic) continuation to 0, if and only if 
7/1(5) has the same property. 

Proof: Let M r = {pi,p 1+r ,pi +2r , ■ ■ ■ ,Pi+nr, • • • } C P. For every < j < r, we put: 

M (j) = {pi +j ,p 1+j+r ,p 1+j+2r , ■ ■ ■ ,Pl + j +nr , ■■■} 

to be the shifted list of M r , hence = M r . One has 

%/(o) (s) - VmO) ( s ) = i ~ ~s 



xr £ — ' p° 



for 9\e(s) > 1, thus 



..111 1 1 1 
%/(0)(s) " %fU)(s) = -j - -;— + ~ s - s + • • • + -i -i + • • • 

Pi Pl+j Pl+r Pl+j+r Pl+nr Pl+j+nr 

The Dirichlet series on the right hand side is an analytic function Wj(s) in 9te(s) > 
for every < j < r. From 

m (a) = «m(o) (s) + V M w («) + ••• + r) M ( r - 1) (s) 

we get 

Vi(s) = Vmw(s) + (%/(o)(s) - w (s)) H h (r? M (o)(s) - uv-i(s)) 

which leads to 

«i(s) = r r/ M( o)(s) - W(s) 

with W{s) = w (s)-\ h w r _i(s). This proves [D] for M = M(°). 

The arithmetical sublist M = {p ro ,p ro+r ,p ro+ 2r, • • • } is one of the Afw (with j = rQ— 1) 
and relation rj M {o) (s)—VmU) ( s ) = u, i( s ) implies formula |4TT| . It follows from this formula 
that t]m{s) extends as an analytic (resp. meromorphic) function to Q if and only if rji(s) 
has the same property. 

We recall that stands for the set of zeros of £(s) in the half space SHe(s) > ^. 
Proposition 4.2. Let M be an arithmetical list. 

1. The derivative -^Vm(s) = — YlpeM extends as a meromorphic function 

in 9\t(s) > with simple poles for singular points. 
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2. t]m(s) can be continued to an analytic function in the open simply connected 

n c = {me(s) >0}- |J [0;a]-[0;l] 

aez c 

Assertion 2) is more precise than [Tit] page 182. 



Proof: Let r > be the reason of the list. By proposition |4.l| , = r t]m{s) + w{s) 
for 9te(s) > 1 , where w(s) is analytic for 9\e(s) > 0. Taking the derivative, we are 
reduced to the case tjm = f]\ for which this property is true for 9\e(s) > 0. This proves 
1) since our formula now defines the holomorphic continuation. 

For 2), we note that f2 c has the property that s £ Sl c and A > 1 implies that As G Q c . 



Since the Riemann function never vanishes on O c , it follows from proposition 3.2 
that 

CO) = 9k{s) Z M (s) k for sen c 
for some suitable analytic function defined on £l c which never vanishes on this set. 
Now, the function: 

w M (s) = n — 

P eM (1 - ^)e pS 

is analytic for ^Kt(s) > ^ , has no zeros on this half-plane and satisfies Zm{s) = 
W M (s) e™( 8 ) for Ote(s) > 1. Thus, = e'wW has no zeros in n c and this leads 

to the analytic continuation on £l c n {*He(s) > r^j} with p = 1. We now iterate this 
process as follows. For p £ P with p > 1 

riP)f c ,\ _ TT 1 



<oo = n 



pTm (1- £)e^ + *^ 



is analytic for fHc(s) > , has no zeros on this half-plane and satisfies: 
Z M (s) = W$(s) e ^( s )+^M(2 S )+-+i J? MM for We(s) > j 
It follows that 7]m{s) + 2??m(2s) + • • • + ^Vm(ps) has an analytic continuation f p+ i(s) 

on O c n {^(s) > r^f}- By induction, the analytic continuation f^f(s) of T]m(s) being 
obtained on D, c n {9te(s) > -}, one has, for !SRe(s) > 

/p+l(«) = r /Af(s) + -^Af(2s) + --- + -^M(Ps) 

2 p 

since «Ke(2s) > ±, • • • ,9te(ps) > ±. Thus, 

/p+i( s ) - 2^m(2s) t^Vm(ps) 

defines the analytic continuation P rj m( s ) °f to the open half-plane !SHe(s) > -Ej-. 



The following proposition is known for M 

Proposition 4.3. Let M C P. 

1. one has, for 9te(s) > 1, 



E i = E 4^ n*-m) 



rr « — ' n 

peM n=l 
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2. Let l p0PM (x) = Y.kepop M X f or M < L 0ne has: 



nepopM 



n 



lpop M (x ) 



W,M = E ^'"(^ 

n6pop( P _ M ) 



7/j follows that 



E T E 

n£pop M ^ peM ' peM 

The function i p0 p M ( x ) coincide with ln(j^) when M = P (because popM = N* in 
this case). Taking popM = pop2,5 in 2), one has: 

o a c; o 

, . tC J/ ti.' 

Z pop (x)=X+ y + — + y + "g- + --- 

and our first summation is 

" lpop{%) ~\~ 2 lpop(% ) ~i~ ^ lpop{x ) + - lpop{% ) ~i~ g lpop{x ) + " " " 



Proof: For 1), we use formula X^rS ^1T^ m ( i~n ) = x va hd for |x| < 1. Choosing 
x = for p e M and 9te(s) > 1, it remains to sum expansions for all p. 
For 2), one has 

n 1 po PM {x ) - n 2^ nk ~ 2^ n « 

ngpopM nGpopM fcGpopM "GpopM fe | n K 

feepopM 

Since conditions fc | n with A; G popM and k \ n are identical when n G popM , using 
for n > 1 



one has, from = 1 



^op(^ ) — ^ 

nGpop 

This proves first formula of 2). Formula 



Tl 1 — X^" 

ngpop (P _ M ) 

follows from inclusion-exclusion principle. Last formula is obtained with x = ^ in first 
formula of 2) and summation for all p G M. 
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5. Equivalences between analytic continuations and Riemann hypothesis 
As seen previously, fii = {9te(s) > 5} — [5; 1]. 

Proposition 5.1. The following properties are equivalent: 

1. 771(5) extends as an analytic function in Oi. 

2. 771(5) extends as a meromorphic function in fii . 

3. The Riemann function £(s) never vanishes in fix . 

4. For one i £ R* , i > 2 (resp. for all i G N*), the function Ci( s ) extends as an 

analytic function in fix and never vanishes in that open set. 

2 

5. rfy (s) extends as a meromorphic function in fix, for one n G N* , n > 1 (resp. 
for all n G W). 



Proof: Let M be an arithmetical list of P. Prom proposition tjm(s) has an ana- 
lytic (resp. meromorphic) continuation to fi if and only if 771(5) has the same property: 
and one has Zm{s) = Wm(s) e ,M ^ for !SHe(s) > 1. where Wm is an analytic function 
for !SHe(s) > | and has no zeros on this half plane. 

Assume that 1) is satisfied. Taking M = Mi with i > 1, one has Ci( s ) = Wm^s) e^^ 
for 9te(s) > 1, thus the right side hand has an analytic continuation to fii : thus, 1 3 

and 1 4. Conversely, if 4) is satisfied for one i > 2, then — - — — = e fc ^ for some 

analytic function /i = /i(s) defined on fix. It follows that ?7i(s) — /i(s) is constant for 
SHe(s) > 1, hence 77^(5) has an analytic continuation in fix. Hence, 3^1 and 4^-1. 

Let us assume 2). Let a be a pole of 77(5) in fix. Formula Qis) = W(s) e v ^ has 

2 

an analytic continuation in fii — {the set of poles of 77}. Taking a small neighborhood 

V(a) of a not containing a, we see that the right (resp. left) hand side our the formula 
is unbounded (resp. bounded) on V(a) leading to a contradiction: hence 1 44> 2. 

Let us assume 5) for some n > 2. The derivative -r^ n (s) = nrf l ~ l (s)—ri(s) is mero- 

ds ds 

morphic in fix. Since 4-r)(s) is meromorphic in 5Ke(s) > 0, it follows that 77 n_1 (s) is 

meromorphic in fix: hence by iteration, one has 5 1 and 1 => 5 is clear. 

2 

Theorem 5.2. The following properties are equivalent: 

1. The Riemann hypothesis holds. 

2. The function Q( s ) h as a meromorphic continuation in fix, for all 16N*. 

3. The function Ci( s ) has an analytic continuation in fix , for all i £ N* (resp. for i 

2 

moving in an infinite subsequence ofN*). 



Proof: By proposition 4.1, proposition and lemma p.3|, one has 1 =£• 2 and 1 =>■ 3. 



Let us assume 2). With notations of proposition |3,2| , one has ((s) = gi(s) Ci( s Y f° r 
^He(s) > 1 and this holds by analytic continuation in fix — {the set of poles of Q}. Let 

a be a pole of Q in fii . Taking a small compact neighborhood Via) of a not containing 

2 

a, we get that d{s) is bounded on V(a) hence is analytic at a (ie the singularity is 

removable). Hence, £(s) = gi(s) Ci( s Y f° r s G fii with Ci( s ) analytic for all s G fix. 

2 2 

Let so be a possible root of the equation £(s) = in fix. It follows that d(s) = and 

2 

C( s o) = 9i( s ) d( s oY implies that N has multiplicity i. Since this holds for all isN*, 
we get a contradiction. Hence 2 =^ 1. The proof of 3 => 1 is similar. 

Theorem 5.3. The following properties are equivalent: 
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1. The Riemann hypothesis holds. 

2. For any arithmetical list M C P , the function ^??m(-s) extends analytically in 

2 

3. The function of s 

t s+l 

extends as an analytic function inili. 



Proof: One has 1 =^ 2 by proposition 5.1. Conversely, as Qi is simply connected, 

1 — 1 2 

one has 2 =^ 1 by lemma |3.3| . 

Using Abel summation, one has, for 9\c(s) > 1, i]i(s) = s / 2 + °° vr(t)^pr hence, 

d , , f +co , s dt f + °° . An(t)dt 

Ms) = / AQjrrT ~ s / 7T(t)- 



Therefore, for SHe(s) > 1 

d , , 1 . , f +oc , An(t)dt 

Thus, if 3) holds, ^Vl( s ) ~ ^Vi{ s ) extends as an analytic function in Oi, thus rji (s 

(I.S 



has a meromorphic continuation to Oi , since 4-rji is always meromorphic in that set. 



2 



From proposition 4.2, we get 3 1. The implication 1 3 is similar. 

6. Summations relative to popm 

In the previous considerations, we met subsets A of N* having the following proper- 
ties: 

1) . conditions a £ A and b £ A imply ah £ A 

2) . conditions a £ A and d | a with d £ N* imply d £ A 
Obviously, 1 G A when A / and: 

Lemma 6.1. There exists a unique subset McP such that A consists of all products 
(with multiplicities) of elements of M , ie one has A = popM- 

We need to consider summations or formulas involving popjvf . In some cases, formulas 
involving popM can be viewed as the restriction to popM of a known formula assumed 
classic on N*: this fact often appears for arithmetical functions / expanding some value 
f(n) as a finite summation of others values depending on all d \ n. Thus, proposition 7 
is the direct adaptation of Moebius formulas. 

Another kind of formulas rest on the known principle of inclusion-exclusion sketched 
in next lemma. 

Lemma 6.2. Let f : N* — > C be a function, M C P with A = popM- Then, putting 
M* = P — M and B = popM* , one has: 

(6.i) £/(<) = xyjoE/ctt) 

igA fceB ieN* 

( questions of convergence are not considered here ) 

Let McP (we abbreviate popM = pop) and G pop be the "geometrical" series defined 
for \q\ < 1 by: 

(6-2) G pop (q) = ^ 

kdpop 



12 JEAN-PAUL JURZAK 

Taking f(i) = e~ lt for t > fixed, we get, with G pop (e^ t ) = ^„ epop e~ nx that: 

Cp p(c ) ^ _ ga; ^ ] ^ _ gpx ^ 1 ^ gP<7£ ^ ^ ]^ ^pqrx 

p€M* P<q p<q<r 

p, q<=M* p, q, r€M* 



This summation is essential in formula 



r+oo 

(6.3) F(s) Z M (s) = / G pop (e-*) t s - 

Jo 

valid for 9te(s) > 1. 

Proposition 6.3. Lei McP and pop = popu- 
1. T/ie identity 

nGpop nGpop 



dt 



is equivalent to 



r n 



^ ] Q"n,G p op(x ) — ^ ^ ^4n^ 
nepop nGpop 

2. Lei 

z «(») E 5 = £ £ «•' E 5 = E ^ 

nGpop n£pop nGpop neN* 

T/ien, B n = A n when n £ pop and B n = Yl i\ n iepop &i when n £ pop. 
Taking a n = fi(n) for n € pop, we get, in 1): 

^2 n(n)G pop (x n ) = x 

nepop 



Taking a n = $>(n) for n € pop, we get, in 1): 

n T n = i, 

dx 



$(n)G pop (x n ) = ^ nx n = x^-G pop (x) 

nepop nepop 



For 2), we deduce from Lambert series that: 



E ^r^r = E B ^ n + E B ^ n 

nepop nepop n£N*-pop 

With a n = 1 for n £ pop, we get: 

E T^r = E + E 

nepop nepop neN* -pop 

where B n = card(Div(n) n pop), and Div(n) stands for the set of divisors of n. 
In the same way, 

E n r~^ = E < n )* n + E B n* n 

nepop nepop neN* -pop 

where B n = £ ieDiv(n)npop L 

In the case pop = N*, first assertion is a classical calculation met in Lambert series 
with G pop (x) = j^. 
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Proof: To get a visual proof, we choose pop = pop2,5 = {1, 2, 4, 5, 8, 10, 11, 16, • • • }. 
Then G pop is the "geometrical" series 



G pop {q) 



One has: 

o>i G p0 p(x) 



a-2 G pop (x 2 ) = 

04 G pop {x ) 

05 G pop (x 5 ) = 
a-8 G pcyp (x 8 ) = 
aw G pop (x 10 ) = 



+ q 2 +q 4 + q b + q S +q 10 + q U + ■■■ 



Cl2X 2 + Q2X 4 



04 X 



ax,x' J 



+ aix 8 


+ aix 10 


+ 


+ a 2 x 8 


+a 2 x 10 


+ 


+ Cl4X S 




+ 




+ a 5 x 10 


+ 


agx 8 


ai x 10 


+ 




+ 



Summing columns, we get our formula since A n = when n ^ pop and A n = Yld\n a d- 
Assertion 2) is a simple verification. 

An important function is, for x > 0: 

(6.4) N pop (x) = card([l;x] n pop) = Y l pop {n) 



n<x 
nGpop 



which agree, by Perron's formula, with 

j-a+iT 

(6.5) 



N P op(x) = — / Z M {s)— ds + 0{^^) 

m Ju-il 



2m Jrr-iT 

(with a > 1 and e > when x is not an integer). 

Proposition 6.4. Let McP and pop = popu- 

1. Given a function f = f{x), we put F(x) = Ylkepop fi^x). Then, 



Y a n F(nx) = Y A nf( 

n&pop n£pop 



nx 



where a n and A n are related by formula Z M (s) ^2 nepop fl = Ene P o» 



2. Formulas 
and 

are equivalent 
Proof: One has 



F(x)= £ f(kx) 

kGpop 

f(x)= Y, v{k)F{h 

k£pop 



X I 



Y a n F(nx) = Y a nf{knx) = Y a f /( nx ) 



riGpop 



Since 



raGpop fcGpop 



A.,. 



ngpop k I n 



J j I n a j 



this proves 1), noting that k \ n with n G pop implies k G pop. 

For 2), taking a n = fi(n) for n G pop (zero elsewhere), one has A n = for all 
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n except A\ = 1, hence f(x) = E^ fcgpop fJ-(k)F(kx). Conversely, from f(x) = 
Efcepop K k )F(kx), we obtain 

J2 finx) = E V(k) F(knx) = £ £ F(nx) 

nSpop nGpop fcepop nGpop fc | n 

fcGpop 

and our assertion follows from = 1 and Y_^ fc | n /j(§) = for n > 1 with the 

observation that 

S>i>=E 

A; | n k\n 
fcGpop 

Proposition 6.5. 

1. For k £ N* /ei G(/c) = X^| fciepop where g is a function defined on pop. Then, 
for x > 1 

(6.6) £ G(t) = £ AW(|) <?« 

i<a; i£pop i<x idpop 

2. For fcgN* andae C, Zei 

= E jfeS and -VpO; a ) = E m 

i\k i£pop i<ui€pop 



where h is a function defined on pop. Then 

i 



(6.7) H{ $ = E S pop (-;a)h(i 

i<x idpop i<x iSpop 



When a = 1, the series S pop (u; a) can be considered as the harmonic series associated 
to a given pop. 



Proof: The formula |6.6| can be considered as a particular case of 6/7 with a = 0. For 
|6?7| , we expand successively H(k) with & £ pop and k < x. The term h(i) appears 
exactly one time in each expansion of H(k), k < x, when i \ k: when it is it so, the 
coefficient of h(i) is As j £ pop, we see that the total coefficient of h(i) is of the 
form 

E 1 

j <C(i) j'epop 

with C(i) to be clarified . The last term of this summation is ^ where y is the biggest 
element of pop n [1; x]. Thus our summation consists of all p- with j £ pop such that 



ij < x with i £ pop. Using definition p.4| , this gives C{i) = N pop (j). From 



3<N pop (l) 3 



we get our formula 6.7. 



In formula 6.6, we choose for g the Euler ^-function. Since X^lfc 3>(i) = k, we get 



(6.8) E ^ = E N pop(~) *(< 

i<x iGpop i<x iGpop 



I* 

i 
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Taking for g the function g(i) =| fi(i) |, we get 
(6.9) £ 2"« = £ iV pop (^) | M (i 



. , ( / ) 

i<z igpop i<z iSpop 



where v{n) is the number of distinct prime factors of k: this follows from Y2i\k I l = 
2"(*0. Thus 

E 2"» = iV pop (x)+ £ awA+ e E 

i<x iepop pGpop ^ p<q ^ y p<q<r ^ 

pGpop qGpop pGpop <?epop 

rgpop 

If we choose for g the Moebius /^-function, from G{i) = J2i\k MOO = for i > 1 and 
G(l) = 1, we get for x > 1 



(6.10) E N v°p(~) = 1 

i<x i£pop 



Taking for g the function g(i) = from formula Yli\k = ~T^' we 

L — ' Z z — ' 2 Z 

i<x igpop i<x igpop 

Taking for g the function g{i) = 1 when % € pop, from formula Yli\k 1 = r (^) (^ ne 
number of positive divisors of k), we get 

(6.i2) e r « = E ^w?) 

i<x iGpop i<a; jgpop 

Replacing 5 by the function g(i) = 1 when i £ pop and i is a prime number, we get 

. x , 



(6.13) E "(0 = E ^Wy) 

i<x iGpop i<a; igpop 

i prime 

Taking for g the function g{%) = i a when % £ pop, from formula Yli\k ^ = (J a(k) (the 
sum of powers of positive divisors of k), we get 

(6.14) e = E wf) * a 

j<x ifEpop i<x igpop 

Noting that i~ a = ^a a {k), we get for g(i) = 

(•■«) E E wf)£ 

j<x iSEpop i<x igpop 



We now use formula |6.7| . With /i(i) = 1 for all i, one has H(k) = aa S® , hence 

(6-i6) E ^= E Wf;«) 

j<x i£pop i<x igpop 

With h(i) = -4 for all i, one has H(k) = hence 

(6-i7) E ^= E 

i<x iGpop j<x igpop 
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With h(i) = when i is a prime number and elsewere, one has H(k) = -pr, hence 
( 6 - 18 ) E = E S m { r ,a)- 

i<x iepop i<x iepop 

i prime 

More generally, for k G N*, let -F(fc) = Yli\k iepop /(0#(f) where /i and g are 
functions defined on pop. Then, the same calculation yields 

(6-19) £ = J] /W E 

i<2! iepop i<:r iepop J<f j£p°P 

Thus, with x infinite, f(i) = a 1 , g(i) = b\ we obtain, for | a |< 1 and | b |< 1 

(6.20) G pop (a) G pop (b) = (E a ^ 5 ) 

nepop n>l d\n 

One also has the formula 

(6.21) E * = E mo E °w = E *(o E mo-) 

i<a; iepop i<i iepop j<f jepop i<£ iepop i<f i^pop 

due to X)i| fc <K0Mf) = k for k £ N*. And ^ r(i)/i(f ) = 1 for i G N* yields 

(6.22) iV pop (x) = Yl MO E r ^ = E r (0 E 

i<x iepop i<f jepop i<z iepop j<f jepop 

r(ra) being the divisor function. 

Let A be a subset of N*. We put A+ = \J ieA [i; i + 1[= A + [0; 1[ and, for n G N*, 

A+ = UeAi<n^^ + 1 [- 

The comparison of a series with an integral takes here the following aspect 

Proposition 6.6. Let A be a subset of N* and f : [l;+oo[ — ► R be a continuous 
positive decreasing function on the interval [l;+oo[ such that limitt-, +00 f(t) = 0. 
Then, the sequence: 



u., 

i<n i 

has a finite limit Ca when n — ► +oo. 



n= E m- [ + f(t)dt 



Proof: We modify the function / on interval [i; i + 1[ whenever i ^ A making it affine 
on such intervals (values /(i) and f(i + 1) being unalterated) . Let h : [1; +oo[ — ► R be 
the continuous positive decreasing function so obtained. It is known that the sequence: 



i=n . n+ i 

v n = Y h(i) - / h{t)dt 
i=i ^ 



= h(l) - / /i(t)<ft + • • • + h(i) - I h{t)dt + ■■■ + h{n) - J h(t)dt 
has a finite limit when n — > +oo. Whenever z ^ A, one has: 

fi+l 



thus 



/*(*)- jf h(t)dt = + 



4 = ^-^ £ (/(*)-/(* + !)) 
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Our conclusion follows since (/CO ~~ /(* + -0) satisfies hypothesis of the theorem 

of alternating convergent series. 

Proposition 6.7. Let A be a subset of N* and Z(s) be the function Z(s) = S ne A 
for 9\e(s) > 1. One has, for SHc(s) > 1: 



Z(s) 



where h(s) is analytic in the half-plane SHe(s) > 0. 

Proof: Classic demonstration (see [Nar] p. 209 when A = N*) adapts itself without 
any trouble. One has, for n S N* and 9te(s) > 1: 



dt 



1 



/o (t + n) s (1 + n) 4 
Summing for n 6 A, we get 



+ s 



t 



= Wi _ -J—") -Y s I' 
£<W (l + n)'J £-< J 



o (t + n) s + 1 
t dt 



(t + n 



|S+1 



o (* + n) 



The first expression of the right-hand side is an alternate Dirichlet series clearly analytic 
for 5Ke(s) > 0. We define, for t £ [0; 1] : 

t 



M = E 



(t + n 



|S+1 



The series of g&.(t) converges uniformly for t £ [0; 1] and s in any given compact of 
SHe(s) > 0, hence 

' 1 tdt 



nGA 



(t + n 



s+l 



defines an analytic function in that half-plane. 
Since 

ngA ' 

this proves the lemma. 



o (t + n) s 



9A(t)dt 



dt 



One has, for 9te(s) > 1: 
(6.23) 



n 



1 



^•/(s) = ^ N popM 

neN* 

and, by Abel summation, for t > 0: 

+oo 



n s (n + l) 6 



N p0 p M (t) 



dt 

£+1 



Gpopie- 1 ) = yZ N Pop( k )t / ^ tu du = t / iV pop (u) e" tu du 
k=l Jk Jl 



Now, from formula |6.1| with g(i) = 1 for all i < n and elsewere, in the case popM 
pop2,5, we obtain 



Np 0p (n) = n 



n 




n 


+ 


n 


3 




7_ 


21 



+ ••• 



which is close to 
1. 



-r-r 1. 



n 
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for some constant 0:3 7 (by proposition below). Numerical computations directly checked 
on pop2,5 = {1, 2, 4, 5, 8, 10, 11, 16, 17, • • • } gives a^j ~ 0,736--- with an oscillating 
limit. 

More generally, it is highly probable that, for an arithmetical list M having a reason 
r > 0, one has, for some suitable constant Am- 



0n(x ) 
ln(x) 



Npop(x) ~ Am x \ t N as x — > +00 



This property is related to formula Zm(s) ~ cte 1 associated with Perron's formula 

(s— 1) i- 

|ST5| or a possible improvement of Ikehara- Wiener theorem. 
Mertens's formulas takes the form: 

Proposition 6.8. Let M be an arithmetical list of ¥, r > being its reason. There 
exists a constant jm such that one has: 

nl e~ 7M / 1 
(1--)= ^=+0 -== 
p ^ P J 0^x) \ln(x)s/Hx) 

p&M 



peM 



When M = P, one has r = 1 and jm is the Euler constant 7. 

Proof: Demonstration proposed here is inspired, in the main lines, by that of [Nat] 
p. 278. One has 

E -= E —7^= E /(»)*(») 

L — ' r> L — ' r> mm) ^-^ 

p<x,p£M^ p<x,pGM e 2<n<x 

with g(t) = for t > 2, /(re) = if re = p £ M and /(re) = otherwise. 
From known formula 

(6.26) E = ln ( x ) + 

p<x 

we first deduce that 

(6.27) Y ^M = iln(x) + 0(1) 
Indeed, if 

Pi < qi < P2 < Q2 < ■ ■ ■ < Pn < In < Pn+1 < " 

are real numbers tending to infinity as n — » +00, one must have 

E /(») - E /(») = °(!) 

since 

/(pi) - /(gi) + /(P2) - /(<&) + • • • + /(Pn) - /(gn) + • • • 

is an alternating convergent sequence (and partial summations gives rise to two mono- 



tonic sequences having the same limit): thus, we adapt the proof of proposition 4.1 
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taking s = 1, wj(s) = 0(1) and formula |6.27| follows. 
Let 

m(p) 



m= E 



p 



E /(*) 



p<t , peM 

Then F(t) = - ln(t) + r(t) with r(£) = 0(1). Our next goal is to get formula 



E - = -HMx)) + b + o(J-) 



(6.28) 

p<x , peM 

for some fixed 6 £ K. This is a consequence of partial summation since 



f(ln(t)) ! 



ln(x) 



and 



/•+00 

E = ^M*) - / F(t)g'(t)dt 



2<n<x 



x 1 1 

dt + - 



r(t) 



- of 1 I - 

r + \ln(x) ) + r J 2 t\n(t) m ' r J 2 t(ln(t)) 2 

r+oc 



dt 



I I 1 f +oc r(t) 

+ - ln(ln(x)) - - ln(ln(2)) + - / — ^ eft + O 



1 1 

r 



ln(x) 



leading to formula 3.28 with 



&=i-iln(ln(2)) + i / + °° -f^ 



It follows that 



Kn a-;)" 1 )-- E hi-;>= E j+EEA- E ti 

' p<x,peM p£Mfc=2 F p€Mp>a;fc=2 



Noting that 



p<x , peM 



oo ^ oo ^ 

peM k=2 V pePfc=2 ^ 
oo oo 

y yJ-< y yi,<- 

pEM p>x k=2 pGP p>x k=2 



we find a constant 7m such that: 

ln( II (1 - = -ln(ln(x)) + 7M + O (-L-) 

- LJ - p r \m(x) / 



p<x 

peM 



Thus, 



Y[p<x (i - 1. 



3 7M VM^) e° ( M-) ) 



_*»</E®(i+°(j-y) 

which is formula 3.25 . Taking the inverse, we get formula |6.24| . 
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Proposition 6.9. Let M be an arithmetical list o/P with a reason r > 0. We assume 
that, for large t: 



(6.29) N pop (t) ~ A M 

for some suitable constant Am- Then, one has: 

— ~ r Am \/ m ( x ) as x ~* +°° 
z — ' n 

ndpopM , n<x 

Proof: With Abel summation, putting m = [x], one has: 

1 /' m dt 1 

- = / ^ P o P (t) 72 + -iV P o P (m) 



Clearly, ^N pop (m) ~ Am -> as m -> +oo. For large A, one may 

write, for £ > A, N pop (t) = (Am + o(l)) i -^pp> hence for m > A: 



t=m 



t=A 



= r (A M + o(l)) ({/ln(m) - 0n(A)) ~ r A M 0n(m) as m -> +oo 
Now, with A fixed, as l < N pop (t) < t for any i > l, one has: 

n . Ji A jWg | . ln(A) 

< -j== < — > when m — > +oo 

r Am yln(m) r Am -\/ln(m) 

Hence, 

N pop (t) Tj- ~ r Am \/ln(m) as m — >■ +oo 
This proves the proposition. 

Proposition 6.10. Let M be an arithmetical list o/P with a reason r > 0. H^e assume 
that 

\/\n(t} 

N pop (t) ~ Am t as t -> +oo 

Then, one has, for x > 0: 

/+oo 

For x near 0, one has 



^2 --«* ^ m ^ ln( *' 



s ln(i) 



In formula using Jq + °° = Jq + Ji + °°> we obtain that the function 

- 1 - nCriAn,. 



nGpop M 
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clearly defines an analytic function <p(s) for 9\t(s) > 0. The remaining integral can be 
written: 

„<£;„ 4 A * Mi) « Jo t 

for some unknown function h(t), weak near i = 0. Since one has, for JHe(s) > 1 



1 1 \Hj) 1 1 

t lni VT^T V 



r( s ) z M ( s ) = -^L= r(i) + /* /i(t) f ^ + ^ 

ys 1 ^ Jo £ 



we get that: 



which is consistent with the property p^q 



It is also known that EneN* n >i e " = J - 3 + £n~ ^q^? and im P ortant 
features of are obtained from this formula. When M is an arithmetical list with 
a reason r, simple arguments seems to indicate that the corresponding development of 

E nep o PM e " nX looks like 



E e ~ nX = -^^+ E 2 ^2 2 +^) 
^ x In(-) ^ x 2 + 4n 2 ir 2 

ngpop M nSpopM 

where vl(x) is a new expression to be found. A complete knowledge of this expansion 
may be essential to the solution of Riemann's conjecture. 



Proof of proposition \6.1C : Let m S N* ; m > 2. By Abel summation, 



l<n<m nGpopM 

Clearly, for x > 



iV pop (t) e - te dt + e- mx N pop (m) 



_„ M , \ \/ m (m) _ mx „ , 

e N pop (m) ~ m —7 — ^ — -e — ► when m -> +00 

ln(m) 

As 1 < N pop (t) < i for any i > 1, the function t — > N pop (t) e~ tx is integrable on the 
interval [1; +oo[, hence letting m — ► +00, one has, for fixed x > 



-00 



e" nx = x y iV pop (t) e- tx dt 

l<n nSpop ^ 

since £i< nrigp0 p e_nx is a convergent series. 

Let A > 1. We put /(i) = t i(S for t > A. One has, for large t: 

/'(*) _ 1 , r l n 1 I 
/(t) t V ^ iln(i) ~ t 

and it follows from Laplace's method that, for x near 0: 



+ °° /(f) e" 11 * ~ 2^ /(i) - 1 V'"<- 
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For any < e < 1, one can find A = A(e) such that, for t > A, one has 
(1 - e) A M f(t) < N pop (t) < (1 + e) A M f(t) 

leading to 

(1 - e) A M x f+°° f(t) e~ tx dt < x f+°° N pop (t) e' tx dt 

< (1 + e) A M x f+°° f(t) e- tx dt 

for any x > 0, thus it remains to show that 

x Jf N pop {t) e~ tx dt 



x Ml) 



as x — > 



for A fixed, which easily follows from N pop (t) e tx dt < A 2 . This proves the propo- 
sition. 
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